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Abstract 
A detailed formulation for the effects of the surface integrity, i.e. surface topography, surface metallurgy, 
and surface mechanical properties, on the mechanics of ultra-thin films is proposed in the framework of 
linear elasticity. In this formulation, the ultra-thin film is modeled as a material bulk covered with two 
altered layers and two rough surfaces as distinct phases. Two versions of the proposed formulation are 
developed. In the first version, the governing equations are obtained depending on the general form of the 
surface topography. In the second version, the governing equations are reformulated utilizing the average 
parameters of the surface topography. In the proposed formulation, measures are incorporated to account 
for the effects of the surface topography, i.e. waviness and roughness, surface metallurgy, i.e. altered layer, 
and surface excess energy on the mechanics of ultra-thin films. A case study for the static bending of 
clamped-clamped ultra-thin films is analytically solved. A parametric study on the effects of the surface 
roughness, waviness, altered layers, and film size on the static bending of ultra-thin films is presented. In 
this study, new size-dependent behaviors are revealed where the mechanics of ultra-thin films can be 
significantly altered for the small variations in the surface integrity.  
Keywords: surface integrity, ultra-thin films, surface effects, surface roughness, nanomaterials.  
 
1. Introduction 
Nowadays, nanomaterials are intensively utilized in designing nano-devices that drastically cover 
various fields of applications including physical, biological, chemical, and medical applications. Many 
factors may affect the mechanics of nanomaterials. Being highly sensitive for the small changes in their 
material structures and/or sizes is a crucial factor that should be considered when designing nanomaterials 
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for a prescribed performance. Various studies have been conducted to demonstrate this fact. For example, 
the material structure and size effects on the performance of nanosensors [Ilic et al., 2004; Mohr et al., 
2014; Shaat, 2015; Shaat and Abdelkefi, 2015], the buckling and elastic characteristics of nanowires [Shaat 
and Abdelkefi, 2016; Shaat and Abdelkefi, 2017a; Silva et al., 2006], and the nonlinear dynamics of 
MEMS/NEMS [Shaat and Abdelkefi, 2017b] have been investigated.  
Not only the material structure and size but also the surface integrity may significantly affect the 
mechanics of nanomaterials. Surface integrity is the characterization of surfaces of materials. It concerns 
with describing the surface topography, the surface metallurgy, and the surface mechanical properties 
[Bellows and Tishler, 1970; Astakhov 2010]. The surface topography (i.e. surface texture) is the 
representation of the outermost layer of the material in its real form. In fact, the real surface of a material 
is featured with many irregularities including waviness, roughness, faults, cracks, etc.. The properties of 
these irregularities mainly depend on the material’s processing. The surface metallurgy, on the other hand, 
is the representation of the nature of the altered layer (i.e. the layer between the outermost layer and the 
bulk of the material). The altered layer reflects the impacts of the manufacturing process and temperature 
on the material’s properties [Bellows and Tishler, 1970]. The altered layer of a material experiences 
different stress levels than the material’s bulk and possesses a different material structure. Therefore, 
materials may subject to residual stresses and hardness and fatigue strength changes depending on the 
features and properties of the altered layer [Bellows and Tishler, 1970].  
The effects of the surface integrity on the mechanical properties of materials were discussed in various 
studies. For instance, effects of the surface integrity on the fatigue properties of metals [Sharman et al., 
2001; Dieter, 1988; Zaltin and Field, 1973; Huang and Ren, 1991; Ramulu et al., 2001], fatigue life of thin 
membranes [Sinnott et al., 1989], and fracture resistance of cemented carbides [Llanes et al., 2004] were 
investigated. Peressadko et al., [2005] studied the influences of the surface roughness on the adhesion 
between elastic bodies. Effects of the surface topography on the contact of flat-metallic surfaces were 
discussed and modeled by Greenwood and Williamson [1966]. Zhang et al. [2007] and Yang et al. [2006] 
investigated the impacts of the surface roughness on the wettability of rough superhydrophobic surfaces. 
The influences of the surface roughness on the conductivity [Fishman and Calecki, 1991] and magnetic 
properties [Li et al., 1998] of metals were investigated. Weissmuller and Duan [2008] and Daun et al., 
[2009] studied the effects of the surface roughness on the bending, free vibration, and sensitivities of 
microcantilevers.  
Ultra-thin films made of single crystalline nanomaterials have been harnessed for many applications 
including MEMS and NEMS [Craighead, 2000; Huang, 2008]. The experiment and the theory demonstrated 
the fact that the mechanics of ultra-thin films strongly depends on the properties of their surfaces 
[Cammarata, R.C., 1994; Cammarata and Sieradzki, 1989; Muller and Saul, 2004]. Because surfaces form 
a different phase, their excess energy influences the mechanics and properties of ultra-thin films [He et al., 
2004; Sharma and Ganti, 2004; He and Li, 2006; Zhou and Huang, 2004; Shim et al., 2005; Sun and Zhang, 
2003; Zhang and Sun, 2004; Guo and Zhao, 2005; Lu et al., 2006; Huang, 2008; Shaat et al., 2013a, 2013b, 
2014; Wang et al., 2016; Raghu et al., 2016; Fang and Zhu, 2017; Shaat and Abdelkefi, 2017b]. Effects of 
the surface excess energy (i.e. surface energy and surface stress) on the mechanics of ultra-thin films have 
been investigated via atomistic [Zhou and Huang, 2004; Shim et al., 2005; Sun and Zhang, 2003; Zhang 
and Sun, 2004; Guo and Zhao, 2005] and continuum [Lu et al., 2006; Huang, 2008; Lü et al., 2009; Shaat 
et al., 2013a, 2013b, 2014] models. These studies demonstrated that the effects of the surface excess energy 
increase with the decrease in the film thickness.  
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In this study, a detailed formulation for the effects of the surface integrity on the mechanics of ultra-thin 
films is presented in the framework of linear elasticity. In the context of this formulation, new measures are 
introduced to account for the effects of the surface topography, i.e. waviness and roughness, surface 
metallurgy, i.e. altered layer, and surface excess energy, i.e. surface stress and energy, on the mechanics of 
ultra-thin films. To this end, the ultra-thin film is represented consisting of a material bulk, two altered 
layers, and two outermost surfaces. Two different profile functions are introduced for the upper and lower 
surfaces to model their surface topography. To account for the altered layers and the surface excess energy 
effects, the total strain energy of the ultra-thin film is formed as the sum of the material bulk strain energy, 
the strain energy of the two altered layers, and the surface excess energy. Two versions of the proposed 
formulation are presented. First, the ultra-thin film formulation is generally derived depending on the 
random form of the upper and lower surface profiles. Then, the average parameters of the surface integrity 
are introduced to reformulate the derived governing equations in a simplified form. In order to demonstrate 
the effects the surface integrity on the mechanics of ultra-thin films, a selected case study for the static 
bending a clamped-clamped ultra-thin film is analytically solved. An intensive study on the effects of the 
surface roughness, surface waviness, altered layers, and film size on the static bending of ultra-thin films is 
presented.  
 
2. Formulation for surface integrity effects on the mechanics of ultra-thin films  
Utilizing Hamilton’s principle, the governing equations of motion of ultra-thin films with surface 
integrity are derived in the framework of linear elasticity. To this end, an ultra-thin film consisting of a 
material bulk, two altered layers, and two outer surfaces is considered, as shown in Figure 1. The material 
bulk is considered with a thickness ℎ. A Cartesian coordinate system, (ݔ,ݕ, ݖ), is defined at the mid-plane 
of the material bulk, as shown in Figure 1. The two interface surfaces between the material bulk and the 
two altered layers are located at ݖ = ±ℎ/2. In order to account for the surface topography, i.e. waviness 
and roughness, the profiles of the outermost upper surface ܵା and the outermost lower surface ܵି of the 
film are defined as follows: 
 
ܲା(ݔ,ݕ) = ܪା + ߸ା(ݔ,ݕ) + ℛା(ݔ,ݕ) 
ܲି(ݔ,ݕ) = ܪି + ߸ି(ݔ,ݕ) + ℛି(ݔ,ݕ) (1) 
 
where ܲ(ݔ,ݕ) is the profile of the outermost surface layer. ߸(ݔ,ݕ) and ℛ(ݔ,ݕ) denote the profiles the 
waviness and roughness, respectively. ܪ denotes the average thickness of the altered layer. The superscripts + and − refer to the upper and lower surfaces, ܵା and ܵି, respectively. It should be noted that ߸(ݔ,ݕ) 
defines the heights of the waviness with respect to the nominal average surface of the altered layer, as 
shown in Figure 1. ℛ(ݔ,ݕ) represents the roughness heights with respect to the waviness. According to 
these profiles and the defined coordinate system, the coordinates of points located at the upper and lower 
outermost surfaces of the film can be defined as (ݔ,ݕ, ݖ = ܲ±(ݔ, ݕ) ± ℎ 2⁄ ). 
In the present study, five elastic domains, Ω஻(ݔ,ݕ, {ݖ|ݖ ∈ (−ℎ 2⁄ ,ℎ 2⁄ )}) , Ω஺ା൫ݔ,ݕ, ൛ݖ|ݖ ∈
൫ℎ 2⁄ ,ℎ 2⁄ + ܲା(ݔ,ݕ)൯ൟ൯ , Ω஺ି(ݔ, ݕ, {ݖ|ݖ ∈ (−ℎ 2⁄ − ܲି(ݔ,ݕ),−ℎ 2⁄ )}) , ܵା(ݔ,ݕ, {ݖ|ݖ = ℎ 2⁄ +
ܲା(ݔ,ݕ)}), and ܵି(ݔ,ݕ, {ݖ|ݖ = −ℎ 2⁄ − ܲି(ݔ,ݕ)}) are, respectively, defined for the material bulk, the 
upper and lower altered layers, and the upper and lower outermost surface layers of the ultra-thin film. The 
Latin dummy indices, ݅ or ݆, refer to ݔ, ݕ, and ݖ while the Greek dummy indices, ߙ or ߚ, refer to ݔ and ݕ.  
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Figure 1: A schematic of an ultra-thin film with surface integrity.  
 
The film is modeled as a Kirchhoff plate; therefore, the displacement field, ݑ௜, of a point (ݔ,ݕ, ݖ) belongs 
to the film can be defined as follows:  
ݑఈ(ݔ,ݕ, ݖ, ݐ) = −ݖݓ,ఈ(ݔ,ݕ, ݐ) ,	ݑ௭(ݔ,ݕ, ݐ) = ݓ(ݔ,ݕ, ݐ) i.e. ߙ ≡ ݔ,ݕ (2) 
where ݓ(ݔ, ݐ) is the transverse deflection of the film.  
In linear elasticity, the infinitesimal strain tensor, ߝ௜௝ = ଵଶ ൫ݑ௜,௝ + ݑ௝,௜൯ i.e. ݅, ݆ ≡ ݔ,ݕ, ݖ, is defined as the 
fundamental measure for deformation. According to the defined displacement field in equation (2), the non-
zero strain components that describe the deformation of the ultra-thin film can be obtained as follows: 
ߝఈఉ(ݔ,ݕ, ݖ, ݐ) = −ݖݓ,ఈఉ(ݔ,ݕ, ݐ) i.e. ߙ,ߚ ≡ ݔ,ݕ (3) 
For a linear elastic-isotropic film, the constitutive equations of the material bulk can be defined as 
follows: 
ߪఈఉ
஻ = ߣߝ௞௞ߜఈఉ + 2ߤߝఈఉ ∀ݖ ∈ ቀ− ௛ଶ , ௛ଶቁ (4) 
where ߪఈఉ
஻  is the stress field within the material bulk domain, Ω஻ . ߣ and ߤ are the material bulk Lame 
constants. For thin films, ߣ = ாఔ
ଵିఔమ
 and ߤ = ா
ଶ(ଵାఔ) where ܧ is the Young’s modulus and ߥ is the Poisson’s 
ratio.  
Similarly, the constitutive equations of the two altered layers can be defined as: 
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ߪఈఉ
஺ା = ߣ஺ାߝ௞௞ߜఈఉ + 2ߤ஺ାߝఈఉ ∀ݖ ∈ ൬௛ଶ , ௛ଶ + ܲା(ݔ, ݕ)൰ 
ߪఈఉ
஺ି = ߣ஺ିߝ௞௞ߜఈఉ + 2ߤ஺ିߝఈఉ ∀ݖ ∈ ቀ− ௛ଶ − ܲି(ݔ,ݕ),− ௛ଶቁ (5) 
 
where ߪఈఉ
஺± and ߪఈఉ஺± denote, respectively, the stresses within the upper and lower altered layers of the film. 
ߣ஺
±  and ߤ஺±  are the Lame constants of the upper and lower altered layers, respectively. It should be 
mentioned that, because of the material processing and the temperature changes, the structure of the altered 
layer is usually different than the structure of the material bulk [Bellows and Tishler, 1970; Astakhov 2010]. 
Thus, the altered layer possess different properties and form a distinct phase of the film structure.  
Usually, the surfaces of a material form a distinct phase which may affect its mechanics depending on 
the entire material size [Lu et al., 2006; Huang, 2008; Lü et al., 2009; Shaat et al., 2013a, 2013b, 2014]. 
These surfaces contribute to the mechanics of the material via an excess surface energy which depends on 
the surface stress as well as the surface strains. Because ultra-thin films have high surface-to-volume ratios, 
the excess energy associated with their outermost surfaces should be considered which may significantly 
affect their mechanics. Therefore, to account for the surface excess energy, constitutive equations are 
defined for the upper and lower outermost surfaces of the film, ܵା and ܵି, as follows: 
 
 ߪఈఉ
ௌ± = ߪௌ±ߜఈఉ + ߣௌ±ߝ௞௞ߜఈఉ + 2ߤௌ±ߝఈఉ  at ݖ = ± ௛ଶ ± ܲ±(ݔ,ݕ) (6) 
 
where ߪௌ
± are, respectively, the surface stresses of the upper and lower surfaces, ܵା and ܵି, where ߣௌ± and 
ߤௌ
± denote their surface Lame constants.  
To derive the equations of motion of the ultra-thin film, Hamilton’s principle is utilized which states 
that: 
 
න(ߜܶ − ߜܷ + ߜܳ)௧
଴
݀ݐ = 0 (7) 
 
where ߜܷ, ߜܶ, and ߜܳ are the first variations of the strain energy, the kinetic energy, and the work done, 
respectively. These quantities can be written in the form: 
 
ߜܶ = − න(ߩ̈ݑ௜ߜݑ௜)݀Ω஻
ஐಳ
− න(ߩ஺ା̈ݑ௜ߜݑ௜)݀Ω஺ା
ஐಲ
శ
− න(ߩ஺ି̈ݑ௜ߜݑ௜)݀Ω஺ି
ஐಲ
ష
 
 
(8) 
ߜܷ = න൫ߪఈఉ஻ ߜߝఈఉ൯݀Ω஻
ஐಳ
+ න൫ߪఈఉ஺ାߜߝఈఉ൯݀Ω஺ା
ஐಲ
శ
+ න൫ߪఈఉ஺ିߜߝఈఉ൯݀Ω஺ି
ஐಲ
ష
+ න൫ߪఈఉௌାߜߝఈఉ൯݀ܵା
ௌశ
+ න൫ߪఈఉௌିߜߝఈఉ൯݀ܵି
ௌష
 
 
(9) 
ߜܳ = න( ௜݂(ݔ,ݕ)ߜݑ௜)݀Ω஻
ஐಳ
+ න(ݐ௜ߜݑ௜)݀S
୻
 (10) 
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where ߩ  and ߩ஺
±  are the mass densities of the material bulk and the upper and lower altered layers, 
respectively. ௜݂(ݔ,ݕ) denote the body forces while ݐ௜ are the surface tractions.  
By substituting equations (8)-(10) into equation (7), the equations of motion of the ultra-thin film can 
be obtained in the following form (neglecting the rotary inertia terms and the in-plane force components): 
 
ܯఈఉ,ఈఉ + ܨ௭(ݔ,ݕ) − ܫ̈ݓ = 0 (11) 
 
where  
 
ܨ௭(ݔ,ݕ) = න ௭݂೓మ
ି
೓
మ
(ݔ,ݕ)݀ݖ 
ܫ = න ߩ௛/ଶ
ି௛/ଶ ݀ݖ + න ߩ஺ା
௛ ଶ⁄ ା௉శ(௫,௬)
௛/ଶ ݀ݖ + න ߩ஺ି
ି௛ ଶ⁄
ି௛ ଶ⁄ ି௉ష(௫,௬) ݀ݖ 
(12) 
 
The corresponding boundary conditions at an edge surface, Γ, can be defined as follows: 
 
ܯఈఉ,ఈ = തܸఈ or ݓ = ݓ୻ 
ܯఈఉ = ܯഥఈఉ or ݓ,ఈ = ݓ,ఈ୻  (13) 
 
where തܸఈ and ܯഥఈఉ denote the applied shear force and bending moment at edge surface Γ. ݓ୻ and ݓ,ఈ୻  are 
prescribed deflection and slop of the film at edge surface Γ.  
For a rectangular film, the boundary conditions (equation (13)) can be explicitly written in the form: 
 
On edge Γ௫ → ݊௫ whose normal is ݔ −direction (݊௫): 
ܯ௫௫,௫ + ܯ௫௬,௬ = തܸ௫ or ݓ = ݓ୻ೣ 
ܯ௫௫ = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ 
On edge Γ௬ → ݊௬ whose normal is ݕ −direction (݊௬): 
ܯ௬௬,௬ + ܯ௫௬,௫ = തܸ௬ or ݓ = ݓ୻೤ 
ܯ௬௬ = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
(14) 
 
The moment stress resultants introduced in equations (11) and (13) can be defined for the film under 
consideration as follows: 
 
ܯఈఉ = න ݖߪఈఉ஻௛/ଶ
ି௛/ଶ ݀ݖ + න ݖߪఈఉ஺ା
௛ ଶ⁄ ା௉శ(௫,௬)
௛/ଶ ݀ݖ + න ݖߪఈఉ஺ି
ି௛ ଶ⁄
ି௛ ଶ⁄ ି௉ష(௫,௬) ݀ݖ + ර ݖߪఈఉௌା݀ݖ௭ୀ௛ ଶ⁄ ା௉శ(௫,௬)
+ ර ݖߪఈఉௌି݀ݖ
௭ୀି௛ ଶ⁄ ି௉ష(௫,௬)  
(15) 
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The moment stress resultant can be formed in terms of the deflection by substituting equation (3) into 
equations (4)-(6) and substituting the result into equation (15), as follows: 
 
ܯఈఉ = − ℎଷ12 ൫ߣݓ,௞௞ߜఈఉ + 2ߤݓ,ఈఉ൯ − 13ቆ൬ܲା(ݔ, ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ ൫ߣ஺ାݓ,௞௞ߜఈఉ + 2ߤ஺ାݓ,ఈఉ൯
−
13ቆ൬ܲି(ݔ, ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ ൫ߣ஺ିݓ,௞௞ߜఈఉ + 2ߤ஺ିݓ,ఈఉ൯
− ൬ܲା(ݔ, ݕ) + ℎ2൰ଶ ൫ߣௌାݓ,௞௞ߜఈఉ + 2ߤௌାݓ,ఈఉ൯
− ൬ܲି(ݔ, ݕ) + ℎ2൰ଶ ൫ߣௌିݓ,௞௞ߜఈఉ + 2ߤௌିݓ,ఈఉ൯ + ൫ℎ 2⁄ + ܲା(ݔ, ݕ)൯ߪௌାߜఈఉ
− ൫ℎ 2⁄ + ܲି(ݔ,ݕ)൯ߪௌିߜఈఉ 
(16) 
 
These moment stress resultants can be explicitly written for rectangular films in the form: 
 
ܯ௫௫ = −൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ݓ,௫௫ − ܦଶ(ݔ,ݕ)ݓ,௬௬ + ݍ(ݔ,ݕ) 
ܯ௬௬ = −൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ݓ,௬௬ − ܦଶ(ݔ,ݕ)ݓ,௫௫ + ݍ(ݔ,ݕ) 
ܯ௫௬ = −ܦଵ(ݔ,ݕ)ݓ,௫௬ (17) 
 
where  
 
ܦଵ(ݔ,ݕ) = ߤ ቆℎଷ6 ቇ + 2ߤ஺ା3 ቆ൬ܲା(ݔ,ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ + 2ߤ஺ି3 ቆ൬ܲି(ݔ,ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ+ 2ߤௌା ൬ܲା(ݔ,ݕ) + ℎ2൰ଶ + 2ߤௌି ൬ܲି(ݔ,ݕ) + ℎ2൰ଶ 
ܦଶ(ݔ,ݕ) = ߣ ቆℎଷ12ቇ + ߣ஺ା3 ቆ൬ܲା(ݔ,ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ + ߣ஺ି3 ቆ൬ܲି(ݔ,ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ+ ߣௌା ൬ܲା(ݔ,ݕ) + ℎ2൰ଶ + ߣௌି ൬ܲି(ݔ,ݕ) + ℎ2൰ଶ 
ݍ(ݔ,ݕ) = ߪௌା൫ℎ 2⁄ + ܲା(ݔ,ݕ)൯ − ߪௌି൫ℎ 2⁄ + ܲି(ݔ,ݕ)൯ 
(18) 
 
By substituting equation (17) into equation (11), the equation of motion can be rewritten in terms of the 
film deflection as follows: 
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൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ, ݕ)൯ ቆ߲ସݓ(ݔ,ݕ, ݐ)߲ݔସ + 2߲ସݓ(ݔ,ݕ, ݐ)߲ݔଶ߲ݕଶ + ߲ସݓ(ݔ,ݕ, ݐ)߲ݕସ ቇ+ ቈ ߲ଶ
߲ݔଶ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ + ߲ଶ߲ݕଶܦଶ(ݔ, ݕ)቉ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔଶ+ ቈ ߲ଶ
߲ݕଶ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ + ߲ଶ߲ݔଶܦଶ(ݔ, ݕ)቉ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݕଶ+ 2 ቈ ߲ଶ
߲ݔ߲ݕ
ܦଵ(ݔ,ݕ)቉ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔ߲ݕ+ 2 ൤ ߲
߲ݔ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൨ ቈቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݔ ቉+ 2 ൤ ߲
߲ݕ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൨ ቈቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݕ ቉
− ቈቆ
߲ଶ
߲ݔଶ
+ ߲ଶ
߲ݕଶ
ቇݍ(ݔ,ݕ)቉ − ܨ௭(ݔ,ݕ) + ܫ̈ݓ(ݔ,ݕ, ݐ) = 0 
(19) 
 
where ܦଵ(ݔ,ݕ), ܦଶ(ݔ,ݕ), and ݍ(ݔ,ݕ) are defined in equation (18).  
Similarly, by substituting equation (17) into equation (14), the boundary conditions can be written in 
terms of the film deflection as follows: 
 
On edge Γ௫: 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൫ݓ,௫௫௫ + ݓ,௬௬௫൯ − ቂ డడ௫ ൫ܦଵ(ݔ, ݕ) + ܦଶ(ݔ,ݕ)൯ቃݓ,௫௫ −
ቂ
డ
డ௫
ܦଶ(ݔ,ݕ)ቃ ݓ,௬௬ − ቂ డడ௬ܦଵ(ݔ,ݕ)ቃ ݓ,௫௬ + డడ௫ ݍ(ݔ,ݕ) = തܸ௫ or ݓ = ݓ୻ೣ 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ݓ,௫௫ − ܦଶ(ݔ,ݕ)ݓ,௬௬ + ݍ(ݔ,ݕ) = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ 
On edge Γ௬: 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൫ݓ,௬௬௬ + ݓ,௫௫௬൯ − ቂ డడ௬ ൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ቃݓ,௬௬ −
ቂ
డ
డ௬
ܦଶ(ݔ,ݕ)ቃ ݓ,௫௫ − ቂ డడ௫ܦଵ(ݔ,ݕ)ቃ ݓ,௫௬ + డడ௬ ݍ(ݔ,ݕ) = തܸ௬ or ݓ = ݓ୻೤ 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ݓ,௬௬ − ܦଶ(ݔ,ݕ)ݓ,௫௫ + ݍ(ݔ,ݕ) = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
(20) 
 
The derived governing equations (equations (19) and (20)) incorporate measures to account for the 
surface integrity effects on the various mechanics of ultra-thin films. ܲ(ݔ, ݕ) is introduced to account for 
the surface topography, i.e. waviness and roughness, effects. In addition, ߣ஺ and ߤ஺ are incorporated to 
account for the effects of the altered layer, which has a distinct material structure. Furthermore, ߪ௦, ߣௌ, and 
ߤௌ are introduced to measure the effects of the surface energy and surface stress of the outermost layer on 
the mechanics of the thin film.  
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Case 1: For an ultra-thin film with, both, the upper and the lower surfaces have the same surface integrity 
parameters, i.e. ܲା(ݔ,ݕ) = ܲି(ݔ,ݕ) = ܲ(ݔ,ݕ) , ߣ஺ା = ߣ஺ି = ߣ஺ , ߤ஺ା = ߤ஺ି = ߤ஺ , ߩ஺ା = ߩ஺ି = ߩ஺ , ߪ௦ା =
ߪ௦
ି = ߪ௦, ߣௌା = ߣௌି = ߣௌ, and ߤௌା = ߤௌି = ߤௌ, the equation of motion (19) can be rewritten in the form: 
 
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ, ݕ)൯ ቆ߲ସݓ(ݔ,ݕ, ݐ)߲ݔସ + 2߲ସݓ(ݔ,ݕ, ݐ)߲ݔଶ߲ݕଶ + ߲ସݓ(ݔ,ݕ, ݐ)߲ݕସ ቇ+ ቈ ߲ଶ
߲ݔଶ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ + ߲ଶ߲ݕଶܦଶ(ݔ, ݕ)቉ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔଶ+ ቈ ߲ଶ
߲ݕଶ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ + ߲ଶ߲ݔଶܦଶ(ݔ, ݕ)቉ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݕଶ+ 2 ቈ ߲ଶ
߲ݔ߲ݕ
ܦଵ(ݔ,ݕ)቉ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔ߲ݕ+ 2 ൤ ߲
߲ݔ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൨ ቈቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݔ ቉+ 2 ൤ ߲
߲ݕ
൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൨ ቈቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݕ ቉ − ܨ௭(ݔ,ݕ)+ ܫ̈ݓ(ݔ,ݕ, ݐ) = 0 
(21) 
 
with 
 
ܦଵ(ݔ,ݕ) = ߤ ቆℎଷ6 ቇ + 4ߤ஺3 ቆ൬ܲ(ݔ,ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ + 4ߤௌ ൬ܲ(ݔ,ݕ) + ℎ2൰ଶ 
ܦଶ(ݔ,ݕ) = ߣ ቆℎଷ12ቇ + 2ߣ஺3 ቆ൬ܲ(ݔ,ݕ) + ℎ2൰ଷ − ℎଷ8 ቇ + 2ߣௌ ൬ܲ(ݔ,ݕ) + ℎ2൰ଶ 
 
(22) 
ܫ = න ߩ௛/ଶ
ି௛/ଶ ݀ݖ + 2 න ߩ஺
௛ ଶ⁄ ା௉(௫,௬)
௛/ଶ ݀ݖ (23) 
 
and the corresponding boundary conditions: 
 
On edge Γ௫:  
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൫ݓ,௫௫௫ + ݓ,௬௬௫൯ − ቂ డడ௫ ൫ܦଵ(ݔ, ݕ) + ܦଶ(ݔ,ݕ)൯ቃݓ,௫௫ −
ቂ
డ
డ௫
ܦଶ(ݔ,ݕ)ቃ ݓ,௬௬ − ቂ డడ௬ܦଵ(ݔ,ݕ)ቃ ݓ,௫௬ = തܸ௫ or ݓ = ݓ୻ೣ 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ݓ,௫௫ − ܦଶ(ݔ,ݕ)ݓ,௬௬ = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ   
 
(24) 
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On edge Γ௬: 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯൫ݓ,௬௬௬ + ݓ,௫௫௬൯ − ቂ డడ௬ ൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ቃݓ,௬௬ −
ቂ
డ
డ௬
ܦଶ(ݔ,ݕ)ቃ ݓ,௫௫ − ቂ డడ௫ܦଵ(ݔ,ݕ)ቃ ݓ,௫௬ = തܸ௬ or ݓ = ݓ୻೤ 
−൫ܦଵ(ݔ,ݕ) + ܦଶ(ݔ,ݕ)൯ݓ,௬௬ − ܦଶ(ݔ,ݕ)ݓ,௫௫ = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
 
Case 2: For an ultra-thin film with super-polished surfaces, i.e. ߸(ݔ,ݕ) ≅ 0  and ℛ(ݔ,ݕ) ≅ 0 , the 
equation of motion (19) can be rewritten in the following form: 
 (ܦଵ + ܦଶ)ቆ߲ସݓ(ݔ,ݕ, ݐ)߲ݔସ + 2߲ସݓ(ݔ,ݕ, ݐ)߲ݔଶ߲ݕଶ + ߲ସݓ(ݔ,ݕ, ݐ)߲ݕସ ቇ − ܨ௭(ݔ,ݕ) + ܫ̈ݓ(ݔ,ݕ, ݐ)= 0 (25) 
 
With 
 
ܦଵ = ߤ ቆℎଷ6 ቇ + 2ߤ஺ା3 ቆ൬ܪା + ℎ2൰ଷ − ℎଷ8 ቇ + 2ߤ஺ି3 ቆ൬ܪି + ℎ2൰ଷ − ℎଷ8 ቇ + 2ߤௌା ൬ܪା + ℎ2൰ଶ+ 2ߤௌି ൬ܪି + ℎ2൰ଶ 
ܦଶ = ߣ ቆℎଷ12ቇ + ߣ஺ା3 ቆ൬ܪା + ℎ2൰ଷ − ℎଷ8 ቇ + ߣ஺ି3 ቆ൬ܪି + ℎ2൰ଷ − ℎଷ8 ቇ + ߣௌା ൬ܪା + ℎ2൰ଶ+ ߣௌି ൬ܪି + ℎ2൰ଶ 
 
(26) 
ܫ = න ߩ௛/ଶ
ି௛/ଶ ݀ݖ + න ߩ஺ା
௛ ଶ⁄ ାுశ
௛/ଶ ݀ݖ + න ߩ஺ି
ି௛ ଶ⁄
ି௛ ଶ⁄ ିுష
݀ݖ (27) 
 
The boundary conditions (equation (20)) can be reformulated as follows: 
 
On edge Γ௫:  
−(ܦଵ + ܦଶ)൫ݓ,௫௫௫ + ݓ,௬௬௫൯ = തܸ௫ or ݓ = ݓ୻ೣ 
−(ܦଵ + ܦଶ)ݓ,௫௫ − ܦଶݓ,௬௬ + ݍ = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ 
On edge Γ௬: 
−(ܦଵ + ܦଶ)൫ݓ,௬௬௬ + ݓ,௫௫௬൯ = തܸ௬ or ݓ = ݓ୻೤ 
−(ܦଵ + ܦଶ)ݓ,௬௬ − ܦଶݓ,௫௫ + ݍ = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
(28) 
 
where 
 
ݍ = ߪௌା(ℎ 2⁄ + ܪା) − ߪௌି(ℎ 2⁄ + ܪି) (29) 
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It should be mentioned that ܪା  and ܪି  are incorporated into the equations of motion (25) and the 
boundary conditions (28) to account for the surface metallurgy, i.e. altered layer, effects. Moreover, the 
surface stress, ߪௌ, may affect the mechanics of ultra-thin films with super-polished surfaces, as shown in 
equation (28). Thus, the moment boundary condition depends on the film’s surface stresses.  
 
Case 3: When the surface topography effects are omitted from the derived equations, i.e. ܲ(ݔ,ݕ) = 0, 
the equation of motion (19) reduces to the form: 
 (ܦଵ + ܦଶ)ቆ߲ସݓ(ݔ, ݕ, ݐ)߲ݔସ + 2߲ସݓ(ݔ, ݕ, ݐ)߲ݔଶ߲ݕଶ + ߲ସݓ(ݔ, ݕ, ݐ)߲ݕସ ቇ − ܨ௭(ݔ, ݕ) + ܫ̈ݓ(ݔ, ݕ, ݐ) = 0 (30) 
 
with 
 
 ܦଵ = ߤ ቀ௛య଺ ቁ + ߤௌା ቀ௛మଶ ቁ + ߤௌି ቀ௛మଶ ቁ 
ܦଶ = ߣ ቆℎଷ12ቇ + ߣௌା ቆℎଶ4 ቇ + ߣௌି ቆℎଶ4 ቇ 
ݍ = ߪௌା ൬ℎ2൰ − ߪௌି ൬ℎ2൰ 
(31) 
 
and the corresponding boundary conditions: 
 
On edge Γ௫: 
−(ܦଵ + ܦଶ)൫ݓ,௫௫௫ + ݓ,௬௬௫൯ = തܸ௫ or ݓ = ݓ୻ೣ 
−(ܦଵ + ܦଶ)ݓ,௫௫ − ܦଶݓ,௬௬ + ݍ = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ 
 
On edge Γ௬: 
−(ܦଵ + ܦଶ)൫ݓ,௬௬௬ + ݓ,௫௫௬൯ = തܸ௬ or ݓ = ݓ୻೤ 
−(ܦଵ + ܦଶ)ݓ,௬௬ − ܦଶݓ,௫௫ + ݍ = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
(32) 
 
Inspecting equations (30)-(32), when the surface topography effects are eliminated, the derived 
formulation reduces to the formulation of ultra-thin films with surface excess energy effects. This reduced 
formulation (equations (30)-(32)) matches the formulations of thin Kirchhoff plates with surface effects 
presented in various studies [Lu et al., 2006; Huang, 2008; Shaat et al., 2014].  
 
Case 4: When the surface integrity effects are omitted from the derived equations, i.e. ܲ(ݔ,ݕ) = 0, ߪ௦ =0, ߣ௦ = 0, and ߤ௦ = 0, the formulation of the ultra-thin film recovers the classical model of Kirchhoff plate 
theory.  
Next, the derived equations of motion and boundary conditions are reformulated on the bases of the 
average values of the surface integrity parameters.  
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3. Formulation based on average parameters of surface integrity  
It is challenging to derive an analytical solution for the obtained equation of motion (19) in its current 
form. However, a simplified version of equation (19) can be proposed by introducing 〈ܲ〉 as the average of 
the surface profile and 〈߲ܲ/߲ݔ〉 and 〈߲ܲ/߲ݕ〉 as the averages of the surface slops as follows: 
 
〈ܲା〉 = 1
ܣௌ
ା න |ܲା(ݔ,ݕ)|
ௌశ
݀ܵା = ܪା + ௔ܹା + ܴ௔ା 
〈ܲି〉 = 1
ܣௌ
ି න |ܲି(ݔ,ݕ)|
ௌష
݀ܵି = ܪି + ௔ܹି + ܴ௔ି 
〈߲ܲା ߲ߙ⁄ 〉 = 1
ܣௌ
ା න ቤ
߲ܲା(ݔ,ݕ)
߲ߙ
ቤ
ௌశ
݀ܵା = ܹܵఈା + ܴܵఈା					݅. ݁.		ߙ = ݔ,ݕ 
〈߲ܲି ߲ߙ⁄ 〉 = 1
ܣௌ
ି න ቤ
߲ܲି(ݔ,ݕ)
߲ߙ
ቤ
ௌష
݀ܵି = ܹܵఈି + ܴܵఈି					݅. ݁.		ߙ = ݔ,ݕ 
(33) 
 
where ܣௌା and ܣௌି denote the surface areas of the upper and lower surfaces of the film, respectively.  
In equation (33), ௔ܹା and ௔ܹି are introduced as the average waviness of the upper and lower surfaces 
of the film, respectively. ܴ௔ା and ܴ௔ି denote, respectively, the average roughness of the upper and lower 
surfaces. These quantities can be defined as follows: 
 
ܴ௔
ା = 1
ܣௌ
ା න |ℛା(ݔ,ݕ)|
ௌశ
݀ܵା 
ܴ௔
ି = 1
ܣௌ
ି න |ℛି(ݔ,ݕ)|
ௌష
݀ܵି 
௔ܹ
ା = 1
ܣௌ
ା න |߸ା(ݔ,ݕ)|
ௌశ
݀ܵା 
௔ܹ
ି = 1
ܣௌ
ି න |߸ି(ݔ,ݕ)|
ௌశ
݀ܵି 
(34) 
 
In addition to the average waviness and the average roughness, ܹܵ  and ܴܵ  are introduced as the 
averages of the waviness slope and roughness slope, respectively. These averages can be defined as follows: 
 
ܴܵఈ
ା = 1
ܣௌ
ା න ቤ
߲ℛା(ݔ,ݕ)
߲ߙ
ቤ
ௌశ
݀ܵା				݅. ݁.		ߙ = ݔ, ݕ 
ܴܵఈ
ି = 1
ܣௌ
ି න ቤ
߲ℛି(ݔ,ݕ)
߲ߙ
ቤ
ௌష
݀ܵି					݅. ݁.		ߙ = ݔ,ݕ (35) 
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ܹܵఈ
ା = 1
ܣௌ
ା න ቤ
߲߸ା(ݔ,ݕ)
߲ߙ
ቤ
ௌశ
݀ܵା				݅. ݁.		ߙ = ݔ,ݕ 
ܹܵఈ
ି = 1
ܣௌ
ି න ቤ
߲߸ି(ݔ,ݕ)
߲ߙ
ቤ
ௌశ
݀ܵି			݅. ݁.		ߙ = ݔ,ݕ 
 
Indeed, the average roughness, ܴ௔, and the average waviness, ௔ܹ, are the common parameters that are 
usually used to assess the surface textures of a manufactured material. Thus, the experiment usually reports 
these two parameters. In addition, because of the random profiles of the waviness and the roughness through 
the surface of a material, the average waviness and average roughness are usually defined with respect to 
their average slopes, ܹܵ and ܴܵ. Therefore, it is acceptable to depend on these averages to represent the 
surface waviness and roughness and their slopes in the context of the proposed formulation.  
Utilizing the defined averages, ௔ܹ , ܴ௔ , ܹܵ , and ܴܵ  and neglecting the high-order derivatives of 
ܲ(ݔ,ݕ), the equation of motion (19) can be written in the following simplified form: 
 
ܦ ቆ
߲ସݓ(ݔ,ݕ, ݐ)
߲ݔସ
+ 2߲ସݓ(ݔ,ݕ, ݐ)
߲ݔଶ߲ݕଶ
+ ߲ସݓ(ݔ,ݕ, ݐ)
߲ݕସ
ቇ + ܤଵ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔଶ + ܤଶ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݕଶ+ ܤଷ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔ߲ݕ + ܭଵ ቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݔ+ ܭଶ ቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݕ − ܨ௭(ݔ,ݕ) + ܫ̈ݓ(ݔ,ݕ, ݐ) = 0 
(36) 
 
where 
 
ܦ = ℎଷ12 (ߣ + 2ߤ) + 13ቆ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଷ − ℎଷ8 ቇ (ߣ஺ା + 2ߤ஺ା)+ 13ቆ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଷ − ℎଷ8 ቇ (ߣ஺ି + 2ߤ஺ି)+ ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ (ߣௌା + 2ߤௌା)+ ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ (ߣௌି + 2ߤௌି)  
(37) 
ܤଵ = 2(ߣ஺ା + 2ߤ஺ା) ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ (ܹܵ௫ା + ܴܵ௫ା)ଶ+ 2(ߣ஺ି + 2ߤ஺ି) ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ (ܹܵ௫ି + ܴܵ௫ି)ଶ+ 2(ߣௌା + 2ߤௌା)(ܹܵ௫ା + ܴܵ௫ା)ଶ + 2(ߣௌି + 2ߤௌି)(ܹܵ௫ି + ܴܵ௫ି)ଶ+ 2ߣ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ ൫ܹܵ௬ା + ܴܵ௬ା൯ଶ+ 2ߣ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ ൫ܹܵ௬ି + ܴܵ௬ି൯ଶ + 2ߣௌା൫ܹܵ௬ା + ܴܵ௬ା൯ଶ+ 2ߣௌି൫ܹܵ௬ି + ܴܵ௬ି൯ଶ 
(38) 
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ܤଶ = 2(ߣ஺ା + 2ߤ஺ା) ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ ൫ܹܵ௬ା + ܴܵ௬ା൯ଶ+ 2(ߣ஺ି + 2ߤ஺ି) ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ ൫ܹܵ௬ି + ܴܵ௬ି൯ଶ+ 2(ߣௌା + 2ߤௌା)൫ܹܵ௬ା + ܴܵ௬ା൯ଶ + 2(ߣௌି + 2ߤௌି)൫ܹܵ௬ି + ܴܵ௬ି൯ଶ+ 2ߣ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ (ܹܵ௫ା + ܴܵ௫ା)ଶ+ 2ߣ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ (ܹܵ௫ି + ܴܵ௫ି)ଶ + 2ߣௌା(ܹܵ௫ା + ܴܵ௫ା)ଶ+ 2ߣௌି(ܹܵ௫ି + ܴܵ௫ି)ଶ 
 
(39) 
ܤଷ = 8ߤ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ (ܹܵ௫ା + ܴܵ௫ା)൫ܹܵ௬ା + ܴܵ௬ା൯+ 8ߤ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ (ܹܵ௫ି + ܴܵ௫ି)൫ܹܵ௬ି + ܴܵ௬ି൯+ 8ߤௌା(ܹܵ௫ା + ܴܵ௫ା)൫ܹܵ௬ା + ܴܵ௬ା൯+ 8ߤௌି(ܹܵ௫ି + ܴܵ௫ି)൫ܹܵ௬ି + ܴܵ௬ି൯ 
 
(40) 
ܭଵ = 2(ߣ஺ା + 2ߤ஺ା) ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ (ܹܵ௫ା + ܴܵ௫ା)+ 2(ߣ஺ି + 2ߤ஺ି) ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଶ (ܹܵ௫ି + ܴܵ௫ି)+ 4(ߣௌା + 2ߤௌା) ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ (ܹܵ௫ା + ܴܵ௫ା)+ 4(ߣௌି + 2ߤௌି) ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ (ܹܵ௫ି + ܴܵ௫ି) 
 
(41) 
ܭଶ = 2(ߣ஺ା + 2ߤ஺ା) ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ ൫ܹܵ௬ା + ܴܵ௬ା൯+ 2(ߣ஺ି + 2ߤ஺ି) ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଶ ൫ܹܵ௬ି + ܴܵ௬ି൯+ 4(ߣௌା + 2ߤௌା) ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ ൫ܹܵ௬ା + ܴܵ௬ା൯+ 4(ߣௌି + 2ߤௌି) ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ ൫ܹܵ௬ି + ܴܵ௬ି൯ 
(42) 
 
The boundary conditions which are defined in equation (20) can be rewritten utilizing the introduced 
average parameters of the surface integrity as presented in Appendix A.  
 
Case 5: The equation of motion (33) can be rewritten for an ultra-thin film with the upper and lower 
surfaces having the same average parameters of the surface integrity, i.e. ܪା = ܪି = ܪ, ௔ܹା = ௔ܹି = ௔ܹ, 
ܴ௔
ା = ܴ௔ି = ܴ௔ , ܹܵఈା = ܹܵఈି = ܹܵఈ , ܴܵఈା = ܴܵఈି = ܴܵఈ , ߣ஺ା = ߣ஺ି = ߣ஺ , ߤ஺ା = ߤ஺ି = ߤ஺ , ߩ஺ା = ߩ஺ି =
ߩ஺, ߪ௦ା = ߪ௦ି = ߪ௦, ߣௌା = ߣௌି = ߣௌ, and ߤௌା = ߤௌି = ߤௌ, as follows: 
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ܦ ቆ
߲ସݓ(ݔ,ݕ, ݐ)
߲ݔସ
+ 2߲ସݓ(ݔ,ݕ, ݐ)
߲ݔଶ߲ݕଶ
+ ߲ସݓ(ݔ,ݕ, ݐ)
߲ݕସ
ቇ + ܤଵ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔଶ + ܤଶ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݕଶ+ ܤଷ ߲ଶݓ(ݔ,ݕ, ݐ)߲ݔ߲ݕ + ܭଵ ቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݔ+ ܭଶ ቆ ߲ଶ߲ݔଶ + ߲ଶ߲ݕଶቇ߲ݓ(ݔ,ݕ, ݐ)߲ݕ − ܨ௭(ݔ,ݕ) + ܫ̈ݓ(ݔ,ݕ, ݐ) = 0 
(43) 
 
where 
 
ܦ = ℎଷ12 (ߣ + 2ߤ) + 23ቆ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଷ − ℎଷ8 ቇ (ߣ஺ + 2ߤ஺)+ 2 ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (ߣௌ + 2ߤௌ)  (44) 
ܤଵ = 4(ߣ஺ + 2ߤ஺) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫)ଶ + 4(ߣௌ + 2ߤௌ)(ܹܵ௫ + ܴܵ௫)ଶ+ 4ߣ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ ൫ܹܵ௬ + ܴܵ௬൯ଶ + 4ߣௌ൫ܹܵ௬ + ܴܵ௬൯ଶ 
 
(45) 
ܤଶ = 4(ߣ஺ + 2ߤ஺) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ ൫ܹܵ௬ + ܴܵ௬൯ଶ + 4(ߣௌ + 2ߤௌ)൫ܹܵ௬ + ܴܵ௬൯ଶ+ 4ߣ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫)ଶ + 4ߣௌ(ܹܵ௫ + ܴܵ௫)ଶ 
 
(46) 
ܤଷ = 16ߤ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫)൫ܹܵ௬ + ܴܵ௬൯+ 16ߤௌ(ܹܵ௫ + ܴܵ௫)൫ܹܵ௬ + ܴܵ௬൯ 
 
(47) 
ܭଵ = 4(ߣ஺ + 2ߤ஺) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (ܹܵ௫ + ܴܵ௫)+ 8(ߣௌ + 2ߤௌ) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫) 
 
(48) 
ܭଶ = 4(ߣ஺ + 2ߤ஺) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ ൫ܹܵ௬ + ܴܵ௬൯+ 8(ߣௌ + 2ߤௌ) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ ൫ܹܵ௬ + ܴܵ௬൯ 
 
(49) 
ܫ = න ߩ௛/ଶ
ି௛/ଶ ݀ݖ + 2 න ߩ஺
௛ ଶ⁄ ାுାௐೌାோೌ
௛/ଶ ݀ݖ (50) 
 
The corresponding boundary conditions are explicitly written in Appendix A.  
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4. Selected case study 
In order to demonstrate the effects of the surface integrity on the mechanics of ultra-thin films, a selected 
case study for the cylindrical static bending of a film with infinite width, finite length ܮ = 200ℎ, and a 
thickness ℎ = 1ߤ݉ is considered. The ultra-thin film is made of Al [111] with Young’s modulus, ܧ =90	ܩܲܽ, and Poisson’s ratio, ߥ = 0.3 [Duan et al., 2005]. The upper and lower surfaces of the ultra-thin 
film are considered having the same surface parameters (Case 5). Each of the altered layers is considered 
having ߣ஺ = 0.8ߣ and ߤ஺ = 0.8ߤ and an average thickness ܪ = 0 → 50	݊݉. To account for the surface 
topography of the considered film, the following trigonometric function is considered for the surface 
profile: 
 
ܲ(ݔ) = ܪ + ܣ௪ sin ൬2ߨݔλ௪ ൰ + ܣ௥ sin ൬2ߨݔλ௥ ൰ (51) 
 
where ܣ௪ and ܣ௥ denote the amplitudes of the waviness and roughness profiles, respectively. λ௪ and λ௥ 
are, respectively, the waviness and roughness spatial wavelengths along ݔ −axis.  
Because the considered ultra-thin film possesses identical surfaces, its static equilibrium equation can 
be obtained from equation (43) as follows: 
 
ܦ
݀ସݓ(ݔ)
݀ݔସ
+ ܤଵ ݀ଶݓ(ݔ)݀ݔଶ + ܭଵ ݀ଷݓ(ݔ)݀ݔଷ − ܨ௭(ݔ) = 0 (52) 
 
with  
 
ܦ = ℎଷ12 (ߣ + 2ߤ) + 23ቆ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଷ − ℎଷ8 ቇ (ߣ஺ + 2ߤ஺)+ 2 ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (ߣௌ + 2ߤௌ)  
(53) 
ܤଵ = 4(ߣ஺ + 2ߤ஺) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫)ଶ + 4(ߣௌ + 2ߤௌ)(ܹܵ௫ + ܴܵ௫)ଶ 
 
(54) 
ܭଵ = 4(ߣ஺ + 2ߤ஺) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (ܹܵ௫ + ܴܵ௫)+ 8(ߣௌ + 2ߤௌ) ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫) (55) 
 
It should be noted that, according to the defined surface profile function in equation (51), the average 
parameters of the surface integrity presented in equations (52)-(55) can be obtained as follows: 
 
ܴ௔ = ܣ௥ܮ න ฬsin ൬2ߨݔλ௥ ൰ฬ௅
଴
݀ݔ 
௔ܹ = ܣ௪ܮ න ฬsin ൬2ߨݔλ௪ ൰ฬ௅
଴
݀ݔ (56) 
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ܴܵ௫ = 2ߨܣ௥λ௥ܮ න ฬcos ൬2ߨݔλ௥ ൰ฬ௅
଴
݀ݔ 
ܹܵ௫ = 2ߨܣ௪λ௪ܮ න ฬcos ൬2ߨݔλ௪ ൰ฬ௅
଴
݀ݔ 
 
Utilizing ܺ = ௫
௅
 and ܹ(ܺ) = ௪(௫)
௛
 as nondimensional parameters, equation (52) can be written in a 
normalized form as follows: 
 
݀ସܹ(ܺ)
݀ܺସ
+ ܵଵ ݀ଶܹ(ܺ)݀ܺଶ + ܵଶ ݀ଷܹ(ܺ)݀ܺଷ = ݍ଴ (57) 
 
where  
ܵଵ = ܤଵܮଶܦ  
ܵଶ = ܭଵܮܦ  
ݍ଴ = ܨ௭ܮସܦℎ  
(58) 
 
where ܨ௭ is the transverse applied force per unit surface area. In this study, the ultra-thin film is subjected 
to a non-uniform distributed load such that ܨ௭ = ܭܺଶ, i.e. ܭ is the forcing amplitude. 
 
4.1.Analytical solution 
For the considered loading case, a general solution for equation (57) can be derived as follows: 
 
ܹ(ܺ) = ܥଵ + ܥଶܺ + ݁ିೄమమ ௑ ቆܥଷ cos൭ቆ12ට4 ଵܵ − ܵଶଶቇܺ൱ + ܥସ sin൭ቆ12ට4 ଵܵ − ܵଶଶቇܺ൱ቇ
+ ቆ ܭܮସ12ܦℎ ଵܵቇܺସ − ቆܭܮସܵଶ3ܦℎ ଵܵଶቇܺଷ + ቆܭܮସܵଶଶܦℎ ଵܵଷ − ܭܮସܦℎ ଵܵଶቇܺଶ (59) 
 
According to the defined boundary conditions in equation (A.8), for a clamped-clamped film, the 
following boundary conditions are applied:  
ܹ(0) = 0, ௗௐ(଴)
ௗ௑
= 0 
ܹ(1) = 0, ௗௐ(ଵ)
ௗ௑
= 0 (60) 
 
Utilizing these boundary conditions, the constants ܥ௜ are obtained as presented in Appendix B.  
When the surface integrity effects are eliminated from the proposed formulation, equation (57) reduces 
to (Case 4): 
 
݀ସܹ(ܺ)
݀ܺସ
= ݍ଴ (61) 
 
A general solution for equation (61) can be obtained for the considered non-uniform distributed load as 
follows: 
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ܹ(ܺ) = ቆܭܮସ
ܦℎ
ቇቆ
ܺ଺360 − ܺଷ90 + ܺଶ120ቇ (62) 
 
4.2.Parametric study  
Effects of the surface roughness, surface waviness, altered layers, and film size on the static bending of 
ultra-thin films are investigated. To this end, the nondimensional deflection distribution along the film 
length is depicted for different values of the film thickness, the roughness and waviness wavelengths and 
amplitudes, and the altered layers average thickness. In fact, effects of the surface excess energy have been 
intensively investigated in various studies [He et al., 2004; Sharma and Ganti, 2004; He and Li, 2006; Zhou 
and Huang, 2004; Shim et al., 2005; Sun and Zhang, 2003; Zhang and Sun, 2004; Guo and Zhao, 2005; Lu 
et al., 2006; Huang, 2008; Shaat et al., 2013a, 2013b, 2014; Shaat and Abdelkefi, 2017b]. Therefore, in the 
present study, we focus on investigating the effects of the other parameters of the surface integrity where 
ߣௌ = 0 and ߤௌ = 0 are considered.  
 
Surface roughness effects 
 
Effects of the wavelength and amplitude of the surface roughness are depicted in Figures 2-4, 
respectively. In these figures, the results of the proposed formulation (equation (57)) are compared to the 
results of the classical formulation of thin-films (equation (61)) with No Surface Integrity (NSI) effects. It 
is clear that the ultra-thin film is sensitive to the small changes in the surface roughness. The ultra-thin film 
reflects different deflections for the different values of the roughness wavelength and amplitude.  
Figure 2 shows the effects of the wavelength of the surface roughness on the deflection of the ultra-thin 
film when the waviness and altered layers effects are neglected, i.e. ܣ௪ = 0  and ܪ = 0 . A small 
wavelength indicates a rough surface with sharp asperities while a large wavelength refers to a smooth 
surface with a surface waviness. Different nondimensional deflections are obtained for the different values 
of the roughness wavelength. For example, the nondimensional maximum deflection corresponding to a 
wavelength ߣ௥ = 0.05ܮ is ∼ 2.25 times the one corresponding to a wavelength ߣ௥ = 0.01ܮ. Furthermore, 
as the roughness wavelength is increased, the nondimensional deflection distribution merges with the 
obtained nondimensional deflection distribution when all the surface integrity effects are neglected. Under 
the considered loading conditions, an ultra-thin film with strong roughness (small ߣ௥) deforms such that its 
maximum deflection shifts to the left and decreases with the decrease in the roughness wavelength value.  
The effects of the roughness wavelength when the surface roughness effects are coupled with the 
waviness and altered layers effects are depicted in Figure 3. When the measures for the effects of the surface 
waviness and the altered layers are considered, different deflections than the ones plotted in Figure 2 are 
obtained. For instance, the incorporation of the surface waviness and altered layers effects increases the 
nondimensional maximum deflection of a thin film with ߣ௥ = 0.01ܮ to ∼ 1.65 times its depicted value in 
Figure 2. Because of the incorporated waviness and altered layers effects, merging with the NSI deflection 
curve is not an option for all the roughness wavelength values.  
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Figure 2: Effects of the wavelength of the surface roughness on the static bending of the 
ultra-thin film under a non-uniform distributed load of an amplitude ܭ = 1 . (ܣ௥ =10	݊݉, ܣ௪ = 0, and ܪ = 0). NSI: No Surface Integrity effects are considered. 
 
 
Figure 3: Effects of the wavelength of the surface roughness on the static bending of the 
ultra-thin film under a non-uniform distributed load of an amplitude ܭ = 1. (ߣ௪ = 0.5ܮ, 
ܣ௪ = 2	݊݉, ܣ௥ = 5	݊݉, and ܪ = 20	݊݉). 
 
Figure 4 shows the effects of the roughness amplitude on the static bending deflection of the ultra-thin 
film. Different nondimensional deflections are obtained for the different amplitude values. Films with 
strong rough surfaces (with large ܣ௥) reflect smaller deflections than films with smooth surfaces (i.e. ܣ௥ =0). The deformed configuration of the film bends to the left due to the surface roughness effects. Thus, the 
nondimensional maximum deflection shifts to the left with the increase in the amplitude value.  
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Figure 4: Effects of the amplitude of the surface roughness on the static bending of the 
ultra-thin film under a non-uniform distributed load of an amplitude ܭ = 1. (ߣ௪ = 0.5ܮ, 
ܣ௪ = 2	݊݉, ߣ௥ = 0.02ܮ, and ܪ = 20	݊݉). 
 
According to the plotted curves in Figures 2-4, it can be demonstrate that the real profile of the surface 
roughness should be considered to guarantee accurate predictions of the mechanics of ultra-thin films. it is 
revealed that the mechanics of ultra-thin films is highly sensitive to their surface roughness. Moreover, 
these figures reflect the hardening effects of the surface roughness. It is clear that films with rough surfaces 
are more rigid than those of smooth surfaces.  
 
Surface waviness effects 
 
As for the effects of the surface waviness, the film deflection is presented for the different waviness 
wavelength and amplitude values in Figures 5 and 6. The plotted curves in these two figures are obtained 
when the surface roughness and altered layers effects are incorporated. According to the plotted curves in 
Figure 5, the waviness wavelength has a negligible effect on the static deflection of ultra-thin films. As 
shown in the figure, the thin-film reflects the same nondimensional deflection distribution for all the 
wavelength values which is coincident with the nondimensional deflection distribution when the waviness 
effects are eliminated. On the other hand, Figure 6 reflects the effects of the waviness amplitude on the film 
deflection. The increase in the waviness amplitude is accompanied with a decrease in the film ‘s maximum 
deflection. This indicates that the surface waviness affect the mechanics of ultra-thin films with a hardening 
mechanism.  
 
Altered layers effects 
 
The plotted curves in Figure 7 show the effects of the altered layers on the static deflection of the ultra-
thin film. In this figure, the nondimensional deflection distribution is plotted for the different values of the 
altered layers’ average thickness. Inspecting the plotted curves in Figure 7, it clear that the altered layers, 
as well, affect the film with a hardening mechanism where the increase in their average thickness is 
accompanied with a decrease in the film’s maximum deflection.  
 
21 
 
 
Figure 5: Effects of the wavelength of the surface waviness on the static bending of the 
ultra-thin film under a non-uniform distributed load of an amplitude ܭ = 1. (ܣ௪ =2	݊݉, ߣ௥ = 0.02ܮ, ܣ௥ = 5	݊݉, and ܪ = 20	݊݉). 
 
 
Figure 6: Effects of the amplitude of the surface waviness on the static bending of the 
ultra-thin film under a non-uniform distributed load of an amplitude ܭ = 1. (ߣ௪ = 0.5ܮ, 
ߣ௥ = 0.02ܮ, ܣ௥ = 5	݊݉, and ܪ = 20	݊݉). 
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Figure 7: Effects of the altered layers on the static bending of the ultra-thin film under a 
non-uniform distributed load of an amplitude ܭ = 1. (ߣ௪ = 0.5ܮ, ܣ௪ = 2	݊݉, ߣ௥ =0.02ܮ, and ܣ௥ = 5	݊݉). 
 
Film size effects 
 
The curves in Figure 8 are plotted to reveal the size-dependent behavior of the ultra-thin film. As shown 
in this figure, different nondimensional deflections are obtained for the different film thickness values. The 
decrease in the film thickness is accompanied with a decrease in the film deflection. This can be attributed 
to the increase in the surface integrity effects, which affect the mechanics of the ultra-thin film with a 
hardening mechanism, with the decrease in the film thickness. It can be concluded that, the mechanics of 
ultra-thin films are significantly altered because of the surface integrity. However, the surface integrity has 
a negligible effects on the elastic behaviors of conventional films with large sizes.  
 
Figure 8: Effects of the ultra-thin film thickness on its static bending. (ߣ௪ = 0.5ܮ, ܣ௪ =2	݊݉, ߣ௥ = 0.02ܮ, ܣ௥ = 5	݊݉, ܪ = 20	݊݉, ܭ = 1, and ܮ = 200ℎ). 
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5. Conclusions  
A detailed formulation for the effects of the surface integrity on the mechanics of ultra-thin films was 
presented in the framework of linear elasticity. In this formulation, the ultra-thin film is modeled as a 
material bulk covered with two altered layers and two outermost surfaces as distinct phases. Two different 
surface profile functions were introduced for the upper and lower surfaces to model their surface 
topography. Two versions of the proposed formulation were presented where the governing equations were 
derived depending on the general form of the surface profile functions in one version and depending on the 
average of the surface profiles in another version. These two formulations incorporate the essential 
measures which are needed to account for the effects of the surface topography, i.e. waviness and roughness, 
surface metallurgy, i.e. altered layer, and surface excess energy, i.e. surface stress and energy, on the 
mechanics of ultra-thin films.  
A selected case study for the static bending of a clamped-clamped ultra-thin film was analytically solved 
to investigate the effects the surface integrity on the mechanics of ultra-thin films. An intensive study on 
the effects of the surface roughness, surface waviness, altered layers, and film size on the static bending of 
ultra-thin films was presented. In this study new size-dependent behaviors of ultra-thin films which depend 
on the surface integrity were revealed. The obtained results reflected the significant impacts of the surface 
integrity on the mechanics of ultra-thin films. Thus, the mechanics of ultra-thin films can be significantly 
altered for any small variations in the surface roughness, surface waviness, or altered layers properties.  
 
Appendix A  
Utilizing the average parameters of the surface integrity, ௔ܹ, ܴ௔, ܹܵ, and ܴܵ, introduced in equations 
(34) and (35), the boundary conditions (equation (20)) can be rewritten as follows: 
 
On edge Γ௫: 
−(ܦଵ + ܦଶ)൫ݓ,௫௫௫ + ݓ,௬௬௫൯ − ଵଶ (ܣଵ + ܣଶ)ݓ,௫௫ − ܣଶݓ,௬௬ − ܣଷݓ,௫௬ + ߪௌା(ܹܵ௫ା +
ܴܵ௫
ା) − ߪௌି(ܹܵ௫ି + ܴܵ௫ି) = തܸ௫ or ݓ = ݓ୻ೣ 
−(ܦଵ + ܦଶ)ݓ,௫௫ − ܦଶݓ,௬௬ + ߪௌା(ℎ 2⁄ + ܪା + ௔ܹା + ܴ௔ା) − ߪௌି(ℎ 2⁄ + ܪି + ௔ܹି +
ܴ௔
ି) = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ  
 
On edge Γ௬: 
−(ܦଵ + ܦଶ)൫ݓ,௬௬௬ + ݓ,௫௫௬൯ − ଵଶ (ܣଷ + ܣସ)ݓ,௬௬ − ܣସݓ,௫௫ − ܣଵݓ,௫௬ + ߪௌା൫ܹܵ௬ା +
ܴܵ௬
ା൯ − ߪௌ
ି൫ܹܵ௬
ି + ܴܵ௬ି൯ = തܸ௬ or ݓ = ݓ୻೤ 
−(ܦଵ + ܦଶ)ݓ,௬௬ − ܦଶݓ,௫௫ + ߪௌା ቀ௛ଶ + ܪା + ௔ܹା + ܴ௔ାቁ − ߪௌି ቀ௛ଶ + ܪି + ௔ܹି +
ܴ௔
ିቁ = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
(A.1) 
 
where  
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ܦଵ = ߤ ቆℎଷ6 ቇ + 2ߤ஺ା3 ቆ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଷ − ℎଷ8 ቇ+ 2ߤ஺ି3 ቆ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଷ − ℎଷ8 ቇ+ 2ߤௌା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ + 2ߤௌି ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ 
 
(A.2) 
ܦଶ = ߣ ቆℎଷ12ቇ + ߣ஺ା3 ቆ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଷ − ℎଷ8 ቇ+ ߣ஺ି3 ቆ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଷ − ℎଷ8 ቇ + ߣௌା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ+ ߣௌି ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ 
 
(A.3) 
ܣଵ = 2ߤ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ (ܹܵ௫ା + ܴܵ௫ା)+ 2ߤ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଶ (ܹܵ௫ି + ܴܵ௫ି)+ 4ߤௌା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ (ܹܵ௫ା + ܴܵ௫ା)+ 4ߤௌି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ (ܹܵ௫ି + ܴܵ௫ି)  
(A.4) 
ܣଶ = ߣ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ (ܹܵ௫ା + ܴܵ௫ା)+ ߣ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଶ (ܹܵ௫ି + ܴܵ௫ି)+ 2ߣௌା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ (ܹܵ௫ା + ܴܵ௫ା)+ 2ߣௌି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ (ܹܵ௫ି + ܴܵ௫ି) 
(A.5) 
ܣଷ = 2ߤ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ ൫ܹܵ௬ା + ܴܵ௬ା൯+ 2ߤ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଶ ൫ܹܵ௬ି + ܴܵ௬ି൯+ 4ߤௌା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ ൫ܹܵ௬ା + ܴܵ௬ା൯+ 4ߤௌି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ ൫ܹܵ௬ି + ܴܵ௬ି൯ 
(A.6) 
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ܣସ = ߣ஺ା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ଶ ൫ܹܵ௬ା + ܴܵ௬ା൯+ ߣ஺ି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ଶ ൫ܹܵ௬ି + ܴܵ௬ି൯+ 2ߣௌା ൬ܪା + ௔ܹା + ܴ௔ା + ℎ2൰ ൫ܹܵ௬ା + ܴܵ௬ା൯+ 2ߣௌି ൬ܪି + ௔ܹି + ܴ௔ି + ℎ2൰ ൫ܹܵ௬ି + ܴܵ௬ି൯ 
(A.7) 
 
Case 5: For an ultra-thin film with the upper and lower surfaces having the same average parameters of 
the surface integrity, i.e. ܪା = ܪି = ܪ , ௔ܹା = ௔ܹି = ௔ܹ , ܴ௔ା = ܴ௔ି = ܴ௔ , ܹܵఈା = ܹܵఈି = ܹܵఈ , 
ܴܵఈ
ା = ܴܵఈି = ܴܵఈ , ߣ஺ା = ߣ஺ି = ߣ஺ , ߤ஺ା = ߤ஺ି = ߤ஺ , ߩ஺ା = ߩ஺ି = ߩ஺ , ߪ௦ା = ߪ௦ି = ߪ௦ , ߣௌା = ߣௌି = ߣௌ , and 
ߤௌ
ା = ߤௌି = ߤௌ, the boundary conditions (equation (A.1)) can be rewritten as follows: 
 
On edge Γ௫: 
−(ܦଵ + ܦଶ)൫ݓ,௫௫௫ + ݓ,௬௬௫൯ − ଵଶ (ܣଵ + ܣଶ)ݓ,௫௫ − ܣଶݓ,௬௬ − ܣଷݓ,௫௬ = തܸ௫ or ݓ = ݓ୻ೣ 
−(ܦଵ + ܦଶ)ݓ,௫௫ − ܦଶݓ,௬௬ = ܯഥ௫௫ or ݓ,௫ = ݓ,௫୻ೣ 
On edge Γ௬: 
−(ܦଵ + ܦଶ)൫ݓ,௬௬௬ + ݓ,௫௫௬൯ − ଵଶ (ܣଷ + ܣସ)ݓ,௬௬ − ܣସݓ,௫௫ − ܣଵݓ,௫௬ = തܸ௬ or ݓ = ݓ୻೤ 
−(ܦଵ + ܦଶ)ݓ,௬௬ − ܦଶݓ,௫௫ = ܯഥ௬௬ or ݓ,௬ = ݓ,௬୻೤ 
(A.8) 
 
where  
 
ܦଵ = ߤ ቆℎଷ6 ቇ + 4ߤ஺3 ቆ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଷ − ℎଷ8 ቇ + 4ߤௌ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (A.9) 
ܦଶ = ߣ ቆℎଷ12ቇ + 2ߣ஺3 ቆ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଷ − ℎଷ8 ቇ + ߣௌ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (A.10) 
ܣଵ = 4ߤ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (ܹܵ௫ + ܴܵ௫)+ 8ߤௌ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫) (A.11) 
ܣଶ = 2ߣ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ (ܹܵ௫ + ܴܵ௫)+ 4ߣௌ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ (ܹܵ௫ + ܴܵ௫) (A.12) 
ܣଷ = 4ߤ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ ൫ܹܵ௬ + ܴܵ௬൯+ 8ߤௌ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ ൫ܹܵ௬ + ܴܵ௬൯ (A.13) 
ܣସ = 2ߣ஺ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ଶ ൫ܹܵ௬ + ܴܵ௬൯+ 4ߣௌ ൬ܪ + ௔ܹ + ܴ௔ + ℎ2൰ ൫ܹܵ௬ + ܴܵ௬൯ (A.14) 
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Appendix B  
By applying the boundary conditions in equation (60), the constants ܥ௜ of the film deflection (equation (59)) 
can be obtained as follows: 
 
ܥସ = ܳଵߟଶ − ܳଶߟସߟଵߟଶ − ߟଷߟସ  
ܥଷ = −ܳଵ + ܥସߟଵߟସ  
ܥଶ = ܵଶ2 ܥଷ − ܥସ2 ට4ܵଵ − ܵଶଶ 
ܥଵ = −ܥଷ 
(A.15) 
 
with  
 
ߟଵ = 12ට4ܵଵ − ܵଶଶ − ݁ିೄమమ sinቆ12ට4ܵଵ − ܵଶଶቇ 
ߟଶ = ܵଶ2 − ݁ିೄమమ ቆ12ට4ܵଵ − ܵଶଶቇ sinቆ12ට4 ଵܵ − ܵଶଶቇ − ܵଶ2 ݁ିೄమమ cosቆ12ට4ܵଵ − ܵଶଶቇ 
ߟଷ = 12ට4ܵଵ − ܵଶଶ − ݁ିೄమమ ቆ12ට4ܵଵ − ܵଶଶቇ cosቆ12ට4ܵଵ − ܵଶଶቇ+ ܵଶ2 ݁ିೄమమ sinቆ12ට4ܵଵ − ܵଶଶቇ 
ߟସ = 1 − ܵଶ2 + ݁ିೄమమ cosቆ12ට4ܵଵ − ܵଶଶቇ 
(A.16) 
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